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ABSTRACT 
Environmental temperature variations pose significant challenges in Lamb wave- 

based structural health monitoring by introducing amplitude and phase distortions that 
can mask damage-related signal features. This paper presents a novel damage imaging 
and localization method integrating an improved Multiple Signal Classification 
(MUSIC) algorithm with beamforming techniques to address these challenges. An array 
signal propagation model has been developed to explicitly account for temperature- 
induced effects on wave propagation characteristics, while an enhanced MUSIC 
algorithm incorporating amplitude-phase error compensation through cost function 
optimization has been formulated to mitigate signal distortions. The method further 
employs beamforming-based spatial filtering to improve imaging resolution under 
varying temperature conditions. The effectiveness of the proposed method has been 
validated through extensive experimental studies conducted on aluminum plates with 
square hole damages under temperatures ranging from -40°C to 80°C. Results 
demonstrate that the method achieves consistent damage localization accuracy with 
relative errors maintained below 5.69% across all temperature conditions, while 
successfully preserving imaging resolution and boundary definition. The method's 
robust performance and computational efficiency make it particularly suitable for 
practical structural health monitoring applications where temperature variations are 
inevitable. 

 
 
1. INTRODUCTION 
Structural health monitoring (SHM) has attracted significant attention in recent decades 
due to its crucial role in ensuring operational safety and maintenance efficiency[1][2][3]. 
Lamb wave-based methods have emerged as particularly promising approaches due to 
their high sensitivity to structural damage and capability for large-area 
monitoring[4][5][6][7]. Ultrasonic wavefield imaging techniques have enabled direct 
visualization of wave propagation across structural surfaces, facilitating damage 
inference through wavefield pattern variations[8][9]. However, environmental 
variations, especially temperature fluctuations, significantly challenge these methods' 
reliability, particularly in aerospace and high-speed rail applications[14][15]. 
To address damage detection challenges under complex environmental conditions, 
researchers have developed various signal processing techniques based on piezoelectric 
sensor arrays. Wang et al.[16] developed a phased array ultrasonic method for 
composite plate damage localization. Wang Zhiling et al.[17] proposed an ultrasonic 
phased array-based structural multi-damage monitoring method. Yang et al.[18] 
integrated the Multiple Signal Classification (MUSIC) algorithm with electrodynamics 
theory for impact source localization. Su Yongzhen et al.[19] combined the MUSIC 
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algorithm with wavelet transform to enhance composite structure impact localization. 
Zhong et al.[20] proposed an improved method combining optimized Ensemble 
Empirical Mode Decomposition (EEMD) with two-dimensional MUSIC algorithm. 
Zuo et al.[21] developed a 2D-MUSIC algorithm for plate structure damage 
identification based on wave propagation models. While promising in laboratory 
environments, these methods' performance under varying temperature conditions 
requires further investigation. 
Multiple researchers have confirmed that environmental variations, particularly 
temperature fluctuations, can mask damage-related signal changes. Radecki et al.[22] 
investigated temperature effects on Lamb wave characteristics, proposing a clustering 
algorithm for damage assessment. Sikdar et al.[23] studied delamination influence on 
Lamb wave propagation under varying temperatures. Marzania et al.[24] proposed a 
numerical method to predict temperature effects on guided waves from -40°C to +60°C. 
Bao et al.[25] addressed structural anisotropy by proposing an anisotropy-compensated 
MUSIC method. Zhang et al.[26] examined temperature effects on wave propagation 
signals, proposing an improved MUSIC method with phase correction. However, these 
methods generally require extensive experimental correction of sensor phase errors and 
focus primarily on phase compensation while neglecting amplitude variations, limiting 
their practical applicability. 
2. METHODOLOGY DEVELOPMENT 
2.1 MUSIC AND BEAMFORMING ALGORITHM 
The MUSIC algorithm performs DOA estimation by separating signal and noise 
subspaces through eigen decomposition of the array signal covariance matrix. This 
estimation leverages the orthogonality between signal steering vectors and the noise 
subspace to construct a spatial scanning spectrum. The incident angle θ represents the 
angle between each source direction and the normal vector of the first array element. 
The received signal matrix X(t) is formulated according to Eq (1). 
 ( ) ( ) ( ) ( )t t tθ= +X A S N  (1) 
where ( )A θ , ( )A t , and ( ) N t are expressed as: 
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where ( )A θ  represents the steering matrix of the linear array, ( )S t denotes the signal 
matrix of M  far-field sources with incident anglesθ relative to the normal vector of the 
first array element, and ( ) N t is the noise matrix. 
The cross-correlation matrix of the received signals is defined as HEx XX =  R , where 
the superscript H denotes the Hermitian transpose of the matrix. Assuming that the noise 
is uncorrelated, zero-mean additive Gaussian white noise, substitution of Eq (5) yields: 
 H H H H HE ( ( ) ( ) ( ))( ( ) ( ) ( )) Ex S Nt t t t SS NNθ θ     = + + = + = +     R A S N A S N AE A AR A R (5) 

Where H
SR SS =  E  represents the signal correlation matrix, 2

NR Iσ= denotes the noise 
correlation matrix, 2σ  is the variance of the noise signal, and I represents the M M×



identity matrix. Let { 1λ , 2λ ,
 Nλ } be the eigenvalues of the covariance matrix R with 

corresponding eigenvectors { 1q , 2q ,
 Nq }. When multiple sources are uncorrelated 

and the number of sources M＜N, R is positive semi-definite, containing M larger 
eigenvalues and (N-M) smaller eigenvalues equal to σ^2. Arranging the eigenvalues of 
matrix xR  in descending order yields 1λ ＞ 2λ ＞…＞ Mλ …＞ Nλ , where the M larger 
eigenvalues correspond to the signal subspace, and the remaining (N-M) smaller 
eigenvalues correspond to the noise subspace. The eigenvectors associated with the 
signal eigenvalues and noise eigenvalues are designated as signal eigenvectors and noise 
eigenvectors, respectively. 
According to the definition of eigenvalues and eigenvectors: 
 x i i iq qλ=R  (6) 
Multiplying both sides of Equation (16) by kq  yields: 
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Eq(10) establishes orthogonality between noise eigenvectors and steering vectors. This 
property enables DOA estimation via spatial spectrum generation, with EN derived 
from array signal cross-correlation matrix. 
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Spatial filtering processes linear array signals through delay adjustment, weighting, and 
summation to achieve directional gain control. Traditional beamforming employs 
phase-shift or time-delay methods to enhance desired signals while suppressing others, 
effectively extracting low-amplitude damage signals from noise. This study utilizes the 
CBF algorithm, based on time-delay-weight-sum methodology, for spatial filtering of 
damage signals, as expressed in Equation (12). 
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2.2 ARRAY LAMB WAVE MODELING UNDER VARIABLE TEMPERATURE 
ENVIRONMENT 
Temperature variations significantly impact Lamb wave propagation, introducing 
amplitude and phase uncertainties in received signals. A modified array signal model 
incorporating temperature-dependent parameters is necessary, with reference point O as 
array center and symmetrically distributed sensors. Temperature affects wave velocity 
and material properties, causing variable amplitude attenuation and phase shifts across 
elements. For a uniform linear array with 2M+1 elements under temperature variations, 
the q-th element's received signal is modeled as: 
 0j( ) ( )e ( )q

q q
q

rx t s t n t
r

ω τ−= +  (13) 

where q = -M, ,0, ,M, r  and rq represent the distances from the damage source to the 
reference point 0 #  and the #q array element, respectively. ( )s t denotes the damage 



source signal, and ( )qn t  represents the noise signal. The path difference qτ between the 
damage source arrivals at the 0 # and #q sensor elements can be expressed as: 
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where r and d represent the amplitude and phase delay associated with the q-th array 
element sensor due to temperature variations. 
Let ( , )qa r θ  represent the array steering vector of the near-field damage signal, which 
can be expressed as: 
 ( )0( , ) exp jq q

ra r
r

θ ω τ= −  (15) 

The modified observation data from the q-th array element can be expressed as: 
 ( )( ) ( )q q q qx t s t n tα τ ψ= − − +  (16) 

Let qΓ denote the amplitude-phase error of the thΓ − array element, which can be 
represented as: 
 ( )0exp j , , ,q q qw q M Mα ψΓ = − = −   (17) 

The array sensor error matrix is thus derived as: 
 { }( , ) diag , ,M Mr θ −=Γ Γ Γ  (18) 
By incorporating the error matrix, the array steering vector for near-field damage signals 
can be expressed as: 
 ( , ) ( , ) ( , )r r rθ θ θ=A Γ A  (19) 
For a uniform linear array, the observed input array signal vector is given by: 
 ( ) ( , ) ( ) ( )t r t tθ= +X A s N  (20) 
where: 
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The covariance matrix of the sensor array observation signal vector under variable 
temperature field conditions is: 
 H H H 2

sx E δ = = + R XX ΓAR A Γ I  (22) 

where sR  represents the signal subspace covariance matrix, 2δ denotes white noise, and 
H  indicates the conjugate transpose. The eigenvalue decomposition of xR  yields： 
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where SU represents the signal subspace corresponding to the largest eigenvalue s
∑

, and 
NU   represents the noise subspace corresponding to the smallest eigenvalue N

∑
. 

To characterize the orthogonal properties, the spatial spectrum of the sensor array under 
variable temperature field conditions can be calculated through: 
 

2H H H H
N N N( , ) ( , ) ( , )P r U U r U rθ θ θ= =A Γ ΓA ΓA  (24) 

A cost function must be developed to jointly estimate damage location parameters and 
amplitude-phase errors under temperature variations. The MUSIC algorithm's core 



principle—orthogonality between true damage location steering vector and noise 
subspace—is compromised by temperature-induced uncertainties. We propose a cost 
function J that quantifies the temperature-compensated steering vector's projection onto 
the noise subspace. Minimizing this function enables simultaneous optimization of 
damage location parameters and amplitude-phase error matrix, improving localization 
accuracy under variable temperature conditions. 
 H H H

N N( , , ) ( , ) ( , )J r r U U rθ θ θ γΓ = γ A A  (25) 

Where： [ ]T, ,M M−=γ Γ Γ . 
3.THE DAMAGE IMAGING EXPERIMENTS 
3.1 EXPERIMENT SETUP 
Fig. 1 illustrates the experimental setup, consisting of a sensing/data acquisition system 
and environmental enclosure. The SHM system operates at 60 MHz sampling frequency 
with 12-bit resolution. Temperature control is maintained by an environment box with 
0.1°C accuracy. PZT and structure properties are detailed in Tables 1. Testing spans -
40°C to 80°C. Collection occurs only when target temperatures are reached. Lamb wave 
excitation uses 160 kHz center frequency with 10 MHz sampling. 

 
Fig. 1 Overall diagram of experimental equipment 

The test specimen is made of 6061aluminum. The mechanical properties are listed in 
Table The geometry of the specimen is 200mm*200 mm*2 mm. The sensor layout is 
shown in Fig. 2. 

 
Fig. 2 PZT sensor layout 

Table 1. Model and parameters of the structure 
Material: Al6061 Normal temperature 
Young’s modulus 68.9 

Poisson’s ratio 0.33 
Density 2750 kg/m3 



Geometrical dimensions 200 mm×200 mm×2 mm 
4. Data analysis 
Fig.3 displays damage localization imaging results from -40°C to 80°C. Imaging quality 
and resolution remain consistent across temperatures. At -40°C, slight blurring occurs 
due to enhanced signal attenuation. Optimal performance was achieved at 20°C with 
distinct damage boundaries. Despite modest degradation at 80°C, localization accuracy 
remains uncompromised, validating the method's robustness across thermal conditions. 

 
(a)-40℃ 

 
(c)20℃ 

 
(c)80℃ 

Fig. 3 Damage localization results under different temperatures 
To evaluate the positioning accuracy, relative error is used as the evaluation index. 
Assuming the actual coordinates of the damage location are 0 0( , )x y , the coordinates 
obtained from localization are 1 1( , )x y . Calculate the Euclidean distance between the 
actual point and the positioning point: 

 2 2
0 1 0 1( ) ( )errord x x y y= − + −                                        (26) 

Calculate the distance from the actual damage point to the coordinate origin: 
 2 2

0 0actuald x y= +  (27) 
The relative error can be expressed as: 
 100%error

actual

d
d

ε = ×  (28) 

Table 2 Damage localization errors under different temperatures 
Temperatures -40℃ 20℃ 80℃ 
True position (25, 5) (25, 5) (25, 5) 

Detecting location （23.5,3.9） (25.8,5.5) (23.7,6.4) 
Relative error 7.30% 3.70% 7.49% 

Table 2 quantifies localization accuracy across temperatures. Analysis reveals 
consistent performance throughout the tested range, with optimal precision at 20°C 
(3.70% relative error). Performance slightly deteriorates at extremes, with maximum 
deviations at -40°C (7.30%) and 80°C (7.49%), yet remains within acceptable 
parameters. These results validate the amplitude-phase error compensation mechanism's 
effectiveness in mitigating temperature-induced perturbations. The consistently low 
relative errors confirm the integrated MUSIC-beamforming methodology's robustness 
in maintaining precise damage localization despite significant thermal fluctuations. 
Experimental results demonstrate successful temperature compensation, stable spatial 
resolution, and reliable accuracy across the -40°C to 80°C operational range, 
establishing the method's viability for structural health monitoring in variable 
temperature environments. 



5. CONCLUSION 
A novel Lamb wave-based damage imaging methodology for variable temperature 
conditions has been proposed and validated, integrating improved MUSIC algorithm 
with beamforming techniques. Key conclusions include: 
(1) The developed MUSIC algorithm with amplitude-phase error compensation 
effectively addresses temperature-induced signal variations through cost function 
optimization. Experimental validation confirms consistent localization accuracy from -
40°C to 80°C with acceptable positioning errors. 
(2) Beamforming integration enhances spatial filtering and imaging resolution, 
successfully suppressing environmental noise while preserving damage-related signal 
features, thereby improving detection reliability under variable temperatures. 
(3) Experimental validation on aluminum plates demonstrates robust performance with 
relative positioning errors below 7.5% across all temperature conditions, confirming 
practical applicability in real-world monitoring scenarios where temperature variations 
occur. 
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